The aim of the paper is to use the recurrence relations with respect to both indices of the associated Legendre functions for the extraction of the Dirac quantization condition and dynamical symmetry group U(1 1) corresponding to the highest Landau levels on the hyperbolic plane with uniform magnetic field B. 
Introduction
The motion of a charged particle on a flat two-dimensional surface with different boundary conditions which interacts with a magnetic field perpendicular to it, i.e. the so-called problem of Landau levels, is of interest in quantum mechanics [1] [2] [3] [4] [5] [6] [7] [8] . In metals and other dense electronic systems the electrons occupy many Landau levels. Furthermore, the kinetic energy levels of electrons in twodimensional gas correspond to Landau levels. A common technique for solving second-order differential equations in connection with physical models with orthogonal bases [15] [16] [17] . In addition, the idea of shape invariance in the framework of the factorization method was first studied by Gendenshtein [18, 19] and later by many others [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] . In this article, by comparing the associated Legendre differential equation with Schrödinger equation corresponding to the motion of a spinless charged particle on the hyperbolic plane in the presence of a uniform magnetic field B, we obtain wavefunctions which are labeled by two quantized numbers, magnetic field B and mode number . This idea has been followed in Ref. [30] by using the associated Gegenbauer functions P (λ) ( ) with = 0 1 2 · · · and 0 ≤ ≤ . Here, we apply the idea of [30] to the associated Legendre functions P ( ) with = 0 1 2 · · · and − ≤ ≤ . Note that contrary to − ≤ ≤ , 0 ≤ ≤ is an asymmetric interval, and this causes some of the important aspects of symmetry properties to disappear, such as the absence of the annihilation condition. It is necessary to point out that the associated Laguerre and Jacobi polynomials have been used to express wavefunctions of the discrete spectrum in Refs. [9, 12] , respectively.
The appendix A summarizes the four different types of the simultaneous realizations of laddering equations with respect to the indices and of the associated Legendre functions P ( ). The raising and lowering relations are realized by the ladder operators which only shift the indices and simultaneously and agreeably, and and simultaneously and inversely, respectively. They, in fact, form four different pairs of recursion relations on the associated Legendre functions. In section 2, we introduce the relations among the coordinates in the Poincare upper half-plane and the Poincare disc with the embedding coordinates in 3-dimensional flat Minkowskian space of the 2-dimensional hyperbolic geometry. Then in section 3, the known generators of the (1 1) Lie algebra for a fixed B are fitted to the simultaneous and agreeable shifting generators of both labels and of the associated Legendre functions. This allows us to obtain the dynamical symmetry group U(1 1) with infinite-fold degeneracy via for the highest energy, i.e. 1 2 (B − 1 4 )(B − 3 4 ). We show that the magnetic field B is quantized in two different ways depending on whether 2B − 1 2 is odd or even. Later, in section 4, we will use three other types of laddering relations to obtain new operators in terms of the Poincare upper half-plane coordinates for studying the structural symmetries. We first show that the finite-dimensional irreducible 2B + − 1 2 -representations of (2) are realized by the ladder differential operators which shift B by 1/2 unit and by one unit. Then, we get two different classes of the irreducible representations (irreps) of SU(1 1) depending on whether 2B+2 + 1 2 is odd or even, with even and odd values for the boson number 2B − 1 2 and with the Bargmann indices 1 4 and 3 4 , respectively. Finally, it is also shown that the quantized strength of the magnetic field B allocates itself a ladder symmetry by the operators which are described in terms of B. Therefore, in addition to the spectrum-generating corresponding to the dynamical symmetry group U(1 1) which is based on only shifting the mode number , we obtain three other different methods for generating the spectrum based on the simultaneous quantization of the magnetic field B and the parameter . Indeed, four different constructions based on supersymmetry are used to find operator methods to calculate discrete highest Landau levels on A S 2 .
Coordinates for the 2-dimensional hyperbolic geometry
The Euclidean A S 2 = SU(1 1)/U(1) is defined by its embedding in 3-dimensional flat Minkowskian space
This is also known as the Poincare upper half-plane
: Y > 0} with the Riemannian metric ¯ = 2 −¯ 2 and negative scalar curvature R = −2 (a bar indicates complex conjugation):
The points in the Poincare upper half plane are mapped to points in A S 2 as
Furthermore, if we make the following coordinate transformations
the embedding coordinates can also be described by
The variables (R = tanh 2 φ) describe the hyperbolic polar coordinates in the Poincare disc with metric induced from (2) as
Using (3) and (5) we are able to write the polar coordinates of the Poincare disc in terms of the complex coordinates and¯ of the Poincare upper half-plane:
It is worthwhile to note here that the homogeneous struc-
while the set of points ( 1 2 ) with ∈ U(1) in A S 3 all map to the point ( 
Dirac quantization and dynamical symmetry group U(1 1)
The starting point is a realization of the (1 1 
For
These operators are realized as
and they, together with a (1) generator constitute (1 1) commutation relations:
The symmetry group U(1 1) of Schrödinger's equation for a spinless charged particle on A S 2 in the presence of the quantized uniform nonzero magnetic field B is irreducibly represented by the generators (14) . In the limit B = 0, the (1 1) commutation relations for the dynamical symmetry group corresponding to the highest Landau levels collapse into the (1 1) commutation relations, which are related to the dynamical symmetry group of a free particle on A S 2 . Since SU(1 1) is an isometry group of A S 2 , the Hamiltonian operator can be expressed up to a gauge transformation by means of the Casimir operator of the U(1 1) group:
in which the relevant covariant derivatives are
The associated canonical connection and the corresponding magnetic two-form are evaluated as
F plays the role of a local Abelian gauge transformation of the monopole potential over A S 2 . While the strength of magnetic field B is bigger or equal to 1 4 , the commutation relations (15) assign to themselves the mode number , as usual:
with
If we change the variables from and¯ to the hyperbolic polar coordinates R and φ and then put = √ 1 − R 2 , we see that the recent results immediately follow from (A10), (A11) and (A1). From (19) and (20) This is known as the Dirac generalized quantization condition and it arises here from the fact that we demand (A10) and (A11) to be in accordance with (19) and (20) and consequently to realize a representation of (1 1 
Structural symmetries

(2)-realization
Now we are going to realize the representation of the Lie algebra (2) via simultaneous shift of the mode number and the quantized values of magnetic field strength. Using the raising and lowering relations (A4) and (A5), it can be easily shown that the quantum states Ψ B ( ¯ ) also satisfy the following relations:
where the explicit forms of the generators are, respectively:
One can easily conclude that the operators {K + K − K 3 } satisfy the commutation relations of (2) Lie algebra as
It is straightforward to show that the corresponding Casimir operator, i.e. H (2) 
, satisfies the following eigenvalue equations:
Therefore, the relations (24) are an irreducible 2B + − 1 2 -representation of the (2) algebra given in Eqs. (26) . Contrary to the case of the dynamical symmetry group U(1 1), the strength of magnetic field B (the physical source) also has to vary from one value to another to realize the commutation relations of (2) Lie algebra. This realization of (26) can be considered as a spectrum-generating symmetry algebra for the quantum states Ψ B ( ¯ ). The finite-dimensional irreducible 2B + − 1 2 -representations for (2) are specified by the highest and lowest bases:
( ¯ ) = 0 and (1 1 
Irreps of SU
where
The third relation of (28) (23) . In this sense, we obtain two different classes of the irreps of (1 1 , respectively. For the Bargmann index 1 4 , the spaces for the irreps are labeled by the odd numbers 2B + 2 + 1 2 while 3 4 , the spaces for the irreps are labeled by the even. As can easily be checked, the representations of the former contain only the even boson numbers 2B − 1 2 while the latter includes only the odd ones. Therefore, the (1 1) algebra (30) is presented as a spectrum-generating symmetry, which is comparable with the well-known method of spectrum generating (10) or (15) . Here, the spectrum is generated by the lowering operators I B+ − .
Shape invariance symmetry with respect to the strength of the magnetic field B
The relations (A2) and (A3) can be written in the form of lowering and raising equations with respect to the strength of the magnetic field B as below: ( ¯ ) (33) in which the explicit forms of the raising and lowering operators are ( ¯ ) = 0. The latter implies that the annihilation happens when B + = 1 4 . Therefore, if we use (32), the spectrum so generated is based on shifting only the strength of the magnetic field B for a given mode number . Thus, our considerations have exposed the power of the supersymmetry-based approach in studying discrete highest Landau levels on A S 2 .
Appendix A: Mathematical background
It is known that the associated Legendre functions
with as a non-negative integer, as an integer, and the limitation − ≤ ≤ , satisfy the raising and lowering relations with respect to both parameters simultaneously but separately [see, e.g., 32, 33] : 
